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Abstract

Elementary Bécklund transformations (BTs) are described for a discretization
of the Zakharov—Shabat eigenvalue problem (a special case of the Ablowitz—
Ladik eigenvalue problem). Elementary BTs allow the process of adding
bound states to a system (i.e., the add-one-soliton BT) to be ‘factorized’ to
solving two simpler sub-problems. They are used to determine the effect on
the scattering data when bound states are added. They are shown to provide
a method of calculating discrete solitons—this is achieved by constructing a
lattice of intermediate potentials, with the parameters used in the calculation
of the lattice simply related to the soliton scattering data. When the potentials,
Sn, Ty, in the system are related by S, = —1T,,, they enable simple derivations to
be obtained of the add-one-soliton BT and the nonlinear superposition formula.

PACS numbers: 02.30.1Ik, 05.45.Yv

1. Introduction

It is well known that continuous nonlinear evolution equations such as the modified Korteweg—
de Vries (mKdV) equation,

dg ,dg d*q

a T e =Y )
admit Béacklund transformations (BTs), which relate one solution ¢ (x, ¢) to a second solution
G(x, 1) [1-6]. Defining Q and Q by ¢ = —dQ/dx and § = —dQ/dx, then the BT for the
mKdV equation consists of an equation relating the spatial derivatives of Q and Q,

di(Q +€eQ) = —2nsin(Q — €Q) where € = +1 )
x

and an equation relating the time derivatives of Q and Q, which is not relevant here.
Equation (2) is known as the ‘x-part’ of the BT. Here, n is a freely choosable real parameter.
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Furthermore, if solution Q" is obtained from Q using parameter = 5, and if solution
0@ is obtained from Q using parameter n = n® then a fourth solution O can be obtained
using the nonlinear superposition formula [7]

Q -0 ,7(1) + 77(2) Q(l) _ Q(2)
= tan .
) 7D — @ )
This is typically represented by a ‘Lamb diagram’ [1] of the form

tan

3)

and it provides a method of obtaining ‘soliton’ solutions of the mKdV equation in closed
form [4].

These properties follow from the fact that the mKdV equation is associated with a linear
scattering problem (the Zakharov—Shabat eigenvalue problem) [5]

d .
du _ (—18 g Fx) " @)
dx r(x) i¢

with » = —¢q. Hence other evolution equations with the same underlying scattering problem

(the sine-Gordon equation being the most well known) have the x-part of their BTs, and the
nonlinear superposition formula, of the same form as the mKdV equation.

Let system (4) have scattering coefficients [5] a(¢), b(¢), a(¢) and b(¢). For e = —1,
the x-part of the BT is associated with a change in these scattering coefficients to @, b, &, l:),
with
I T _ i

¢—& ¢ =<

where (for n > 0) ¢, = in and {_ = —in. The BT therefore adds bound states to the scattering
system at { = ¢, and ¢ = {_, and is therefore often called an ‘add-one-soliton BT".

When the underlying scattering problem does not have the symmetry ¢ = —r, then the
x-part of the BT becomes more complex. New potentials § and 7 are obtained by solving the
integro-differential system [8]

S

—b (5)

Qnr

a =

di(l’—r)+(7+r)/ GF — qrdx’ = 2i(L,F — ¢ 1)

'x X

d o (6)
a(q—CI)"'(q"'CI)/ gr —qrdx’ = =2i((_q4 — &4q).

The scattering coefficients associated with § and 7 are again related to the scattering coefficients
for g and r by equations (5), provided ¢, and {_ are chosen in the upper and lower halves of
the complex plane, respectively.

Remarkably, however, it can be shown [9] that the add-one-soliton BT (6) can be reduced
to solving the ‘elementary’ BTs (EBTs) for intermediate potentials ¢~ and r™,

dr i

di —2ig,rt — %r+2q —2ir=0 (Ta)
X

dg= ... _ 1 » .

ar +2i_q + Eq r+2ig=0 (7h)
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and then obtaining § and 7 by the nonlinear superposition formulae

20 — ¢4 B 2(¢ — ¢
c]:q+—(é_é) r:r+7(£_i). (8)
q~ 2 rt 2

This enables, for example, soliton potentials to be calculated in a purely algebraic way, as was
the case when r = —gq.

This paper obtains the elementary BTs and nonlinear superposition formulae for a discrete
version of the continuous scattering problem (4),

z  Sa/z
Up+l = (TnZ 1//Z ) Uy, = Lnun‘ (9)

This system is a special case of the Ablowitz—Ladik eigenvalue problem [10, 11]. It is (or is
equivalent to) the underlying linear scattering problem to many nonlinear discrete evolution
equations, such as the modified Volterra lattice (mVL) equation [12, 13] (the mVL equation is
a discretization of the mKdV equation). It also describes the evolution of two-level systems
under the ‘hard pulse’ approximation [14] and occurs in layer-stripping methods of inverting
such systems [15]. Indeed, this provided the initial motivation for this work: the results
obtained here enable the simple calculation of discrete versions of ‘soliton’ (or ‘transparent’)
pulses [16] and truncated soliton pulses [17] for use in selective spin suppression and excitation
in magnetic resonance imaging experiments. Other equivalent discretizations exist, as in, for
example, [18, 19], but equation (9) is particularly convenient for modelling two-level systems.

From the EBTs for the discrete system, it will be shown how the scattering data are
modified after the EBTs are combined to add a soliton to the system. Pure soliton potentials

are built up starting with the zero potential (S, = 7, = 0). It will be shown how to
calculate these (and their scattering data) in a purely algebraic manner. Finally, the linear
system underlying the mVL equation has the symmetry 7,, = —S,. Under this symmetry,

discrete versions of the add-one-soliton BT (2) and the nonlinear superposition formula (3)
are obtained.

2. Discrete elementary Béicklund transformations

Suppose u,, satisfies the recurrence relation (9),

et = (sz i"/j) = Loty (10)
Similar to the continuous case [20], define u; as
uy, = Guy, (11)
where
Gt = (z2+a; ﬁ;) 1)
n yr2 1/v,

where v, is a constant that does not depend on n (normally taken equal to 1), and «}, 8, and
y,; are to be chosen so that u; obeys a recurrence relation of the same form as (9), i.e.,

z  Sr/z
ut, = (Tn+z 1//Z ) ul=Liul. (13)
This requires that [21]

LiG: = G, L (14)

n+l—n:
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In general, G} becomes singular (i.e., det G} = 0) at a value of z? that depends on 1, i.e.,
22 = —ay /(1= v.By,). Ifitis demanded (in addition to constraint (14)) that G}, be singular
at a fixed value of z2, say zi, then it can be shown that G, must take the form

2 2 +

=+ zi(veS, T =1 S,

GH= el ; =S (15)
=T, 1/vy

and furthermore that 7" and S;} must satisty

+ Tn+ = Toi1 /v

= 16a
n+1 Z%(l _ V+Sn+l Tn+) ( )

St = vi[Suet + 2580 (v Sun T, — 1)]. (16b)

Equation (16a) is an EBT for this discrete system: solving it (and equation (16b)) maps the
old potentials S, 7, to the new potentials S*, TF.

n’ n

A second EBT is obtained by defining u,, = G, u,, where

_ (v B2
= " 17
G ( P B an
(where v_ is normally taken equal to —1) and requiring that u, satisfy
- (z S7/z\ - _ - _
Uy = (T,;z 3 ) up = Lyuy. ()
If G, is also required to be singular at z> = z?, then it must take the form
_(1/v- Sp_1/22
G- = o 1 19
" < T, (-T,S, ,—1/2+1/7 (19)

and S, T~ must satisfy

n’ n

2 o—
_ Z,(Sn - n+1/\),)

S = 20
e 1 - l)—Sn—Tn+l ( a)

n

1
T =v_ [T,m + 5T (_T Sy — 1)] . (20b)
o

Equation (20a) is the second EBT for this system.
The two EBTs obtained are the discrete versions of equations (7a) and (7b). The latter
equations are obtained in the limit # — O after letting

Sp+1 — hqg(x +h) To1 — hr(x + h)
T = srt@+ jh) Spuj = —3-q (x+jh) Q1)
7 — exp(—ich) 7+ — exp(—i¢+h).

Essentially the same transformations have been derived by others, for example in the
context of discrete-time Ablowitz—Ladik equations [19, 22].

Nonlinear superposition formulae for these EBTs can be obtained as for the continuous
case [9]. Namely, imagine that BT (16a) is used to map potentials S,,, 7, to S, 7."; then BT

(20a) is used to map S, 7,F to S,, T, (hence, for example, S, would be used in place of S,
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in equation (20a)). But the same final potentials must be obtained if the BTs are applied in
the opposite order, as illustrated by the following diagram:

S T~ ——38,,T,
o

-

Sy, T, —> St T
I+

Then
G, G, =GG, (23)
where
2, .2 7 _
G = (Z ’ Z+(‘;~fff1:2"*l . SL) (24a)
i.e.,~it eguals G} from eiquation (15), but with S,,, T, replaced by S, T,,”, and S}, T,F replaced
by S, T,. Similarly, G is derived from (19) and equals

n

< _ (1= Su1/22
@ —<T; (- T Sus = 1) /2 +1/22) (240

Constraint (23) can be shown to require that

~ Vi ) 2 2 Sp+1 — \/LS;
Sp=— | =258 + - ) 25a
" [ 24 9n+1 (Z+ Z ) 1 — Vv Tn+Sn_:| ( )
and
- _ 1 1 1 T — v TF
T, =" [——ZTM ' (—2 - —2) #_] (25b)
vy 7= 22 zy) 1—=vo TS,

i.e., S, and T, can be obtained in a purely algrebraic way from the initial potentials S,, T},
and the intermediate potentials S, 7,".

Equations (25a), (25b) are the nonlinear superposition formulae for the discrete EBTs
(16a), (20a). Potentials S, and T, are shown in the following section to correspond to adding
a soliton (with bound states at z> = zi and 22 =z2)t0 S, T,.

3. Scattering data under discrete Backlund transformations

Scattering data for the discrete system (9) are defined as in [10, 11]. Namely (assuming S, and
T,, tend to zero sufficiently fast as n — 400), let ¢,,, @, ¥, and ¥, be defined as solutions to
(9) with behaviour (for z on the unit circle)

bn — <Z0n> bn — <—S‘”> as n — —oo (26a)

and
Y, — (Z9”> U, — (Zél) as n — oo. (26b)

There can only be two linearly independent solutions, and therefore v, and v/, must be linearly
dependent on ¢, and ¢,,. This is expressed as
$n = a(@Vn + b)Yy bn = —a(@Yn + b)Y 27)

Functions a(z), b(z), @(z) and b(z) are the scattering coefficients of the system.
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Coefficient a(z) can be analytically extended to outside the unit circle, i.e., to |z| > 1. Any
zeros of a(z) outside the unit circle are bound states of the system, i.e., discrete eigenvalues
of (9). Similarly, a(z) can be analytically extended to inside the unit circle, and any zeros
of a there are bound states. For this system, the scattering coefficients can be shown to be
even functions of z. Hence the bound states occur in & pairs. The bound states due to the
zeros of a will be denoted by £z, ;, and the bound states due to the zeros of a will be denoted
by +z_ e

At a bound state z = z4; (or z = —z+ ) the solutions ¢, and ,, are linearly related:
¢n = bjy,. Similarly, at a bound state 2 =7 o solutions ¢, and v, are linearly related:
On = szﬁn. The set {a(z), b(z), @(z), b(z), 2+, z2— j, bj, b;} is known as the scattering data
of the system.

3.1. The transformed scattering coefficients
Let G,, be defined as
G,=G,G =G!G,. (28)

This maps any solution, u,, of system (9) to a solution, ii, = G,u,, of the ‘~’ system

P Z S/z
n+l — TnZ I/Z

Then G,, can be shown to have the form

Lyiiy. (29)

2-72 n (2 z+)S (T, 40,22 T} S48
G, = V- 22 —v 1228, T v_ v+z (30)
" I, b 4 Tuct 2 YRY2 /2T S5 /2 |
V- vy 1/22—v_v. S, T; /zf
Suppose v, = (Z;) is a solution of the original system (9), with 22 = z2, ie.,

Unst = Ln(£24)v,. Itis useful to note that —v; 41 / (v+22v1,041), satisfies the same recurrence
relation as 7, in EBT (16a). Therefore, T can be written as

I v
Tn+ - _ : 2,n+1 (31)
V427 Vln+l
provided the boundary conditions on v, are chosen correctly.
Similarly, if w, satisfies equation (9) with 72 = 7%, then S, can be identified with
2
_ T2 Wi n+l
ST == (32)
V. W2 n+1

Thus there are Darboux transformations (DTs) from solutions v, and w, of the original
system, to the new potentials 7 and S, (cf [23], where a DT was identified between two
alternative forms of the Ablowitz—Ladik system).

Equation (30) can then be rewritten as

22 I Lall (23 =22) Wi nr1 V2m Se St
V- + Zellvwllns V- V+@2
G, = Ll (3= 2 ) wrave (33)
T, 4 T 'Z2 NI DT T 2
vy _ v | 22 2 llvwlln+1
where ||U w”n+1 = vl,n+1w~2,n+l - 92,n+1w1,n+1 and ”Ln” =1~ SnTn-

Assume that S, 7,,, S, and T, all tend to zero as n — —oo. Then, if |z,| > 1 and
|z—| < 1, components v; , and w, , both tend to zero (for example, v; , ~ z}, which tends to
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zero). Also vy, /vy 441 — 24 provided v, # ¢, and wy ,/wy 441 — 1/z_, provided w, # @,.
Then G,, tends to

22—z 0
G, —> ( VO_ 1/z21/13> as n — —oo. (34)

Vi

Similarly, as n — oo, components v, , and wy , both tend to zero, and v; , and w, , both tend
to infinity (provided v, # ¥, and w, # ¥,). Then,

22
27 0
G, —> ( (; 1/12—1/z2) as n — oo. 35)
Therefore,
2_ .2 /o
G,p, — < ‘o (ZO) as n — —oo. (36)
V_

Let ¢, be a solution to (29) with asymptotic behaviour the same as ¢,,, i.e.,

‘f;n d <ZO> as n — —oo. (37)

From equation (36), ¢, must equal
b =5 Guh (38)

n — ZZ _ ZZ_ nw¥n-

Then, from the behaviour of ¢, and G,, as n — oo,

- v L% —2)az"
bn — > 7 as n— o0 39)

22— \ (/22 = 1/22)bz ™"
and therefore the ‘a’ and ‘b’ coefficients for the ~ system are

2 2
- ~ 1
%y b=———b (40a)
72—z vy 7277

Zi:

Similarly, by considering how ¢, is transformed by G,, the @ and b coefficients for the
~ system are

S

QM

1/22 —1/72 _
_1z /z,a _ —Ezzzib. (40b)
1/z2—1/z2 v_

Equations (40a) and (40b) tend to the result for the continuous system, equation (5), after
the identifications in (21) in the limit 4 — 0, provided v_ = —v, (which is why v, and v_
are normally taken as 1 and —1).

Therefore system (29) has extra bound states at 2= zf and at z> = z2. This derivation
is similar to that obtained for the Schrédinger equation in [24]. The similarity extends to the
requirement that v, cannot be chosen equal to ¢, or ¥, (similarly for w,) in the Darboux
transformation if a bound state is to be added. The need for this constraint is made more
apparent when considering the scattering data at the new bound states, as described below.
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3.2. The scattering data at new bound states

Coefficientd = Oatz? = zi, and therefore ¢, and ¥, become linearly related, say ¢;n = buﬁ,,,
at z2 = z2. To determine b,, note that

L == 0
(@0 Vul=Guldn V¥l (Z E)Z_ Ve ) . 41)
1/22—1/2%
This follows from equation (38) and a similarly derived expression for 1/7;1- Here, [¢, ¥,]
means the 2 x 2 matrix with columns made up of ¢, and V,,.
The condition ¢, = b, 1, at 7> = zi can be written as

L. 1
[én 1,0n]z2=z£ ( b > =0. (42)
—0O4
Therefore,
2 2 a= 0 1
Gn (Z = Z+) [(bn wn]zzzz% ~+0 B v, b =0 (43)
1/2-1/22 ) N
and therefore G, (z* = z2) has kernel
kerG,(z* =23) = [¢n  VYnlo— < b ) . (44)
VRSV
But (equation (33)),
1—=8,T,)(z2 — 22 T
Gy =123) = ( A " wrwn | 2n —V1) (45)
Zellv wllne Tl
and therefore G, (z* = z2) has kernel
ker G, (2 = 22) = (”1’") — (46)
V2.5
Now v,, could be any solution of (9) (at 2= zf) other than ¢, or v, and so can be written as
o
vo = [dn Ynlo—z ( ) (47)
B

where o, and B, are non-zero, but otherwise freely choosable, complex constants.
Finally, comparing equations (44) and (46), B /o, must equal

B./ eb: / = (48)
oy = —
e 1/22-1/22 [ 22 -22

and hence b, equals

b, = =P/ (49)

v, 7272

Note that the requirement that o, and B, must both be non-zero for bound states to be added
makes sense, as b, must be both finite and non-zero for a bound state to exist.
The scattering data at z> = z2 are obtained in the same way. Writing

w, = [an (5” 2=72 <(;:> (50)
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where «_ and B_ are non-zero constants, and noting that

(1 =S, T) (2 —22) [ =
Gn (Zz = Zz,) = ( +) _v;,ﬁl (wZ,n _wl,n) (51)
- lvwlln+ N
then ¢, = b_v, at z2 = 72, where
- vy o
_=— ra 272, (52)

4. Calculation of solitons

Soliton potentials correspond to adding solitons to the ‘vacuum’, i.e., S, = 7, = 0. The
existence of the nonlinear superposition formulae for the elementary BTs allows this to be
done very simply.

4.1. The soliton lattice

Let S©9 = 0 and 7,%9 = 0 be the initial potentials. Let SV 7,99 be mapped to S,
7,7*"Y by EBT (16a) (and (16b)) with z, = z, ;1. Similarly let SO, 705 be mapped to
SOk+1) 7 Ok+1) by EBT (20a) (and (20b)) with z_ = z_ 4.1

Closed-form expressions can be found for these potentials,

SUO =0 (53a)
) J t 2n

7O = Lj 3 o/ - (53b)
Y+ p=i Hq Lg#p (2, P Z+qq)
1 k s Z2n

SOB = — Z ? (53¢)
Ve p=1 =l.q#p (1/Z* - 1/2* )

700 = 0 (53d)

where 7, and s, are freely choosable complex parameters.

These potentials form the sides of a lattice of potentials S,(lj 4 , Tn(j ’k), the first few elements
of which are

$0.2) §(1.2) $2.2)
n n n
02) _ ™ p02 T T 12
702 =0 7 e
z-(szz / T / T
SO = 5122, fu s 52
TOD =0 T(l ) 72D (54)
z_lTs. / T / T
SO0 =0 no S0 =0 no_ SR0=0.
—_— e
Tn(o’o) = O Z+,1 Tn(l’o) = %/U_‘_ 242 Tn(z’o)

The potentials inside the lattice are calculated using the nonlinear superposition formulae,
equations (25a), (25b). Hence,
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v, y k) S(/k) S(./‘,k+1)
(rLktl) _ 7+ | J: 22 n+1 —on
S, = Z+ j+ISn+l (Z+,]+1 Z—,k+1) 11— v,v+T,f]+l’k)S,(,j'k+l) (55a)
(k) (j+1,k)
poeen 2oL pan (L L) T D (55b)
n = n+l 2 2 1 G+LK) oGkt | °
+ Z s Z—,k+1 Z+,j+1 — V_ U+Tn Sn

The arrows in lattice (54) indicate which potentials are needed to calculate further elements
of the lattice. Soliton potentials correspond to those on the diagonal of the lattice, i.e., S,(lj 22
and T,V7. They can be calculated (in principle) in closed form in terms of the potentials on
the edges of the lattice, 7,”"” and SO

4.2. Scattering data for solitons

By definition, an N-soliton system with potentials S, T,"V-" has bound states at z* = 23 ;
and 72 = zi’j for j = 1,..., N. Since the scattering coefficients for S, = 7, = 0 are
a(z) = az) = 1,b(z) = b(z) = 0, the scattering coefficients for the N-soliton system are
(equations (40a), (40b))
N 2_ 2 N 2 2
=7 . /22 =1/22
a@D=|]|5—7" b(z) =0 a0 =[] —5—752
PRk PR VEake Vil

To determine the scattering data, b; and b;, at the bound states, z> = z> ;;and 72 =7

b(z) =0. (56)

— j b
consider first a one-soliton system SV, 7D It is calculated from S0 = 7,09 = 0 with
intermediate potentials (equations (53b), (53¢))
1
70 = t /2 SO0 = V—S1Z2_'f1. (57)

But 719 can be identified (equation (31)) with

1 %)
1,0 n+l
700 = - (58)
V+Zi 1 Vin+l

where v, = (”;) is a solution at z* = z3 | of system (9) under S, = T, = 0. Equations (57)
and (58) can be satisfied by choosing

2 /z
vn=< *"2/ - ) (59)
_t1Z+,l/Z+,1

and therefore v, can be written in terms of ¢, = (”O) and ¥, = (l/ozn),

—16 V. :( / Z”) (60)
I1Z+1

Hence (equation (47)),

—_—

B. = —122, 1)

oy = —
i 2
and so b at 2> = z2 | for the one-soliton system equals (equation (49)) —v_r;z2 | /(.22 ).

The effect of adding further bound states at z ;, j = 2, ..., N on this b can be calculated
from equation (40a), with 2= zi \» and therefore b; for the N-soliton system equals
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N
blz—\) f12+1/ 1)+Z Xl_[
k=2

_ 1
:<_‘;_+> h 2N- 41_[ 2 : (62)

+1

+Z+1Z J

By symmetry, all the b; are given by

v A A
b; = <_v—> Ly 1_[ 2 (63a)
+ [y

Lhj k=1

Similarly, the b; can be shown to equal

15,:_<__> 2N= 41_[Z+k (63b)

Hence there is a direct and simple relatlonshlp between the soliton scattering data b; and b},
and the parameters, s; and ¢;, used to calculate the soliton potentials in section 4.1.

5. Symmetries and BTs when S,, = —T,,

System (9) when S, = —T,, is an interesting special case as it permits a simple add-one-soliton
BT to be constructed, as opposed to requiring two separate EBTs.
When S, = —T,,, then solutions ¢, and ¢,, are related by

- 0 1 1
- 0 1 1
I/fn(Z) = (_1 0> 1//11 (E) . (65)

1 _ 1 1 -
a(z)=a<—) b(z)=b<—> . j=—  by=b;. (66)
z z 24,

If bound states are added at 72 = zi and z? = 7%, then (equations (40a), (40b)) to preserve
the symmetries (66),

Similarly,

Therefore

1
== and Vo = tu,. (67)
%
It can also be shown that the intermediate potentials S, and 7, must be related by
ST = —tT = T (68)

To add these bound states, consider the applying EBTs by the following route:

z- (69)

where 72 = l/zi.
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Potential 7' is obtained by the EBT (16a). That is,
v Vy T,,+ — T
e Z%(l - V+Sn+1Tn+)

_ V+T,,+ — Th

21+ T T

- le tan [tan’1 (v+Tn+) — tan~! Tn+1]. (70)

+

Vi

Potential 7, is obtained using equation (20b) with 7, replaced by T.* and S, T, replaced
by S,, T,:

n+l+n

T,=v_ [T,;l + %T;(v,r Sp — 1)}
Z

=v_ [T}, — T (v-T,,, T, +1)]. (71)
Solving equation (71) for T, gives
1
z L+v_TH, T,
1 -
= 2 tan [tan’1 (v_ Tn++1) —tan™! Tn]. (72)

+

Replacing n by n + 1 in equation (72) and comparing with equation (70) implies that

vitan [tan™" (v, T)) — tan™" Tpy ] = vL tan [tan~' (v_T},,
R

) —tan"" Ty ]. (73)

Bearing in mind that v_ = v, this can be written as

tan [tan’1 (v+Tn+) — tan~! Tn+1] = tan [tan’1 (v+Tn++2

)—etan' Ton] (74

where
Vi

e=— ==l (75)

V_

It is then natural to write

v T =tany, (76a)
T, = tan[yn+l - yn—l] (76b)
Tn = tan[j’}ﬁl - )Njnfl] (76C)

since equation (74) becomes
tan [y; — sz = )] = tan [y — €Guiz = 3. (77)
To solve this, it is sufficient to solve the recurrence
Yoz = (€Fns2 = Yns2) = Yy — (€50 — Vn) (78)
the solution of which is, without loss of generality,
Vo = €Fn = In (79)

(more generally, y¥ = €3, — y, + A is a solution, where A is an arbitrary constant, but A can
be transformed away without changing 7', or T},).
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Hence, equation (72) becomes

5 tan(y, — €y,) = tan(F,1 — €yus1)- (80)
This is the add-one-soliton BT under the restriction that it maps S,,7, = —S, to
Sy, T, = —S,. Solving it for given y, maps pseudopotential y, to ¥,, and hence (via
equations (76b), (76¢)), T, to T ,,. If zi = =£1, BT (80) can be solved, giving

T, =FeT, if 72 =4I (81)

This is not an interesting BT (the two elementary BTs have effectively cancelled themselves
out), hence it can be assumed that

3 # EL. (82)

In the continuous limit, BT (80) becomes BT (2). This follows from the fact that y,.;
can be identified with —Q(x + jh)/2 and ¥,4;, with —Ox+ jh)/2 in the limit 7 — 0. When
€ = 1, BT (80) is equivalent to the BT stated in [13] for the mVL equation (identifying zi
here with exp(x) in [13]).

As for the continuous system, a nonlinear superposition formula exists for BT (80).
Suppose this BT maps T, to T,V (with added bound states given by z, ;) and then it maps 7,V
to T, (with added bound states given by z, »). Hence,

Zi,l tan (y,(ll) — ey,,) = tan (y,i?l — eyn+1) (83a)

22, tan (€3, — yV) = tan (5,1 — ¥ (83b)
Here, and later, obvious notation is used for pseudopotentials, e.g., Tn(l) = tan [y,ilr)l — y:1131]-
Alternatively, the BTs can be applied the other way around (map 7, to T?) to T',). Hence,

22 tan (v — ey,) = tan (312} — €yner) (83¢)
zil tan (€, — y\?) = tan (€3,—1 — yﬁ)l). (83d)

These two choices are represented by a Lamb diagram

(84)
Solving equations (83b) and (83d) for ¥, gives
~ 1) ~1 1 = (1)
€Yy =y, +tan”! | ——tan (€5,_1 — y,,}) (85a)
Z+,2
~ 2) -1 1 5 @
€yn =Y, t+tan Z tan (€3,-1 — Y1) | - (85D)
+,1

Hence,

a1 s a1 N
¥ =y = tan”! |:Zz_ tan (€3,-1 — y,%)} —tan”! |:Zz_ tan (€31 — yﬁ)l)} : (86)
4,2 "+, 1
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On the other hand,
yr(lZ) - r(ll) = (yn(Z) - 6yn+2) - (yy(,l) - 6yn+2)
= tan~! [Zi,z tan (yy(li)1 — eyn+1)] —tan~! [zi’1 tan (y,ilr)1 - eyn+1)] &7
(using equations (83a) and (83c)). Therefore, defining
—_ v _ @ _ Ty _ 38
X1 = Ypi — €Y+l X2 = Y41 — €Yn+l X3 = €[Yn—1 — yunnl  (83)

equations (86) and (87) become
tan”' (23, tanx;) —tan~' (23 tanx;)

1 1
=tan"! - tan(xz — x1) | — tan~! - tan(xsz — x3) | . (89)
Z+,2 +,1
Solving equation (89) for tan x5 gives either
-1
tanx; = ————
tan(x; + x7)
= tan (x1 +x,+ 7 ) (90)

or
22,22, — 1| 22 tanx; — 22, tanx,
tanx; = ——— —— : .
o — 2y | 1+23 25, tanx; tanx;
Case (90) can be neglected: it can be shown to be satisfied when two ‘uninteresting’
add-one-soliton BTs are combined (with z7 | = &1 and z7 , = F1).
Case (91) can be written (using equations (83a) and (83c¢))

O

B 225, — 1| tan (389 — eyuin) —tan (v — €yui) )
3= "2 2 :
o=z | T+tan (3" — eyusa) tan (357 — €yus2)
Hence,
2 2
- 2% — 1
etan(Fu_1 — yur1) = —5———— tan (yi" — y\?). (93)
+,2 Z+.,1
This can be written in the form
5 _ Aita M _ @ 4
tan(Ju—1 — Ype1) = € tan (5" — yi) (94a)
ay —ap
where
2 2
75, +1 75, +1
a = ! a =2 (94b)
2 1 2 1
LT L

Equation (93) (or equations (94a), (94b)) is the nonlinear superposition formula. It allows the
potential T, corresponding to adding two solitons to 7}, to be determined algebraically once
it is known how to add a single soliton to 7,,.

Equation (93) is equivalent to the superposition formula found in [13] for the modified
Volterra lattice (mVL) equation. It is useful, however, to obtain these results directly from the
linear discrete system, and it is interesting that the elementary BTs provide a straightforward
method of doing so.

The superposition formula (as equations (94a) and (94b)) is also very similar to that found
in the continuous case, equation (3). It therefore allows the expression for pulse area for high
order soliton potentials obtained in [25] to be used, provided the pulse area of potential 7,
(assumed real) is defined as

o0
0= > 2tan T, (95)

n=—00
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6. Example: one-soliton potentials

It is straightforward to obtain an explicit expression for a one-soliton potential from section 4.
This provides a check on the add-one-soliton BT obtained in the previous section.

From lattice (54) and nonlinear superposition formulae (55a) and (55b), the one-soliton
potential is (with vy = 1 and v_ = —1),

S;EM) _ Zi.l _Zi,l
n/ah =1/ (nz2)

(96)
2 2
7D 1/Z—,l - 1/Z+,l
! 2 [t — sz
Choosing s; = —t; and z_ 1 = 1/z4 1, then S{"'V = —T 1D and TV can be written as
2 2
T(Ll) _ i1 1/Z+,1
! Z [n+n /0
_1 2n+1 —1 2(n—1
=tan[tan~" (=1 /Z20"") —tan™! (=1, /Z507V)). 97)
Comparing this to equation (76c¢), this corresponds to the pseudopotential
1.1 —1 2
Y =tan™! (=1 /23"). (98)
Therefore, y{'! satisfies
1,1
Zil tan y"Y = tan y,g_'l). (99)

This is the add-one-soliton BT (80), with y, = 0, as expected as T,\':!) has been constructed
from the zero potential.
Finally, from equation (97), it is easy to verify that (fort; € R, z,; € R, |z41] > 1),

o0
Z 2tan”' THD = 271y /|1y ). (100)

n=—0o0

Hence (equation (95)), this is a discrete potential with ‘pulse area’ 2.

7. Conclusion

The EBTs (7a), (7b) for the continuous scattering problem (4) have natural discrete
counterparts, equations (16a) and (20a). By combining the two transformations, nonlinear
superposition formulae can be obtained, equations (25a4) and (25b). Potentials S, T, can
be calculated such that the system has extra bound states at z> = z2 and z> = z% over the
original system with potentials S,, 7,,. Thus, the existence of elementary BTs allows the
decomposition of the add-one-soliton BT into two simpler BTs. As pointed out in section 2,
equivalent results to these have been found by others.

The main new results of this paper are that firstly, since the intermediate potentials S, ", T,*
can be expressed in terms of solutions to the original system (i.e., Darboux transformations
exist), expressions for the effect of the add-one-soliton BT on the scattering data can be
obtained straightforwardly (equations (40a), (40b), (49) and (52)).

Secondly, solitons can be calculated in a purely algebraic manner via a lattice (54) of
intermediate potentials. With initial potentials S, = 0 and 7,, = 0, successive applications
of the EBTs and nonlinear superposition formulae enable the calculation of solitons. The
edges of this lattice can be calculated in closed form, and the nonlinear superposition



2708 D E Rourke

formulae (55a) and (55b) can be used to determine the remainder of the lattice, including
the soliton potentials. Explicit expressions (equations (56), (63a) and (63b)) exist for the
scattering data of these soliton potentials in terms of the parameters s; and #; used to calculate
them.

Thirdly, if S, = —T,,, an explicit add-one-soliton BT exists, equation (80), which is most
conveniently expressed in terms of pseudopotentials y, and ¥, (equations (76b) and (76c)).
A nonlinear superposition formula exists for this BT, equations (94a) and (94b). These
results are the discrete versions of those described in the introduction for the mKdV system
(equations (2) and (3)). Knowledge of just the form of the one-soliton potential enables
calculation of higher order solitons without the lattice needed in the general case when
Sn 7é _Tn'
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